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Abstract 
During the milling process of shell structures, such as blades and engine casing, the change of thickness varies the dynamics of the workpiece 
considerably, which may induce unstable cutting conditions and thus influences the quality of the machined surface. In this paper, common 
shell structures are firstly simplified as doubly curved shallow shells to notably minimize the computation amounts, and then an analytical 
model was presented to predict the dynamic changes in the material removal process. The Ritz method and the thin shallow shell theory are 
combined to solve the dynamic characteristics of the shallow shell structures. 
 
Furthermore, based on the simulation results of the above analytical model and the stability lobes theory, the workpiece is divided into several 
subregions according to the variation of dynamics stiffness. In each subregion, the dynamic characteristics are assumed to be constant to 
simplify the analysis. Afterwards, trial cuts are performed respectively in each subregion to select the best cutting parameters. The optimized 
tool paths are generated according to the trial cuts which will guarantee a stable cutting operation during the entire machining process with high 
efficiency and good surface quality. Finally, experiments are performed to verify the proposed method.  
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of The International Scientific Committee of the “15th Conference on Modelling of Machining Operations”. 
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1. Introduction  
Thin-walled structures are widely reported in the literature. 
In the milling process of such structures, deformation and 
vibration often occur due to the low- rigidity of the workpiece, 
which leads to poor machining accuracy. To ensure the 
surface quality of machined parts, both the changes of the 
static and dynamic characteristics of the thin-walled structure 
should be considered in the whole milling process. 
As for the changes of dynamic characteristics in the 
milling process of the thin-walled workpiece, since the 
removal of material implies that the modal parameters are 
continuously changing. Atlar et al. [1], Seguy et al. [2] and 
Thevenot et al. [3] calculated the dynamics evolution of the 
thin-walled workpiece through Finite Element Method (FEM), 
and then the stable cutting conditions were calculated for the 
thin walls and the thin floor. Budak et al. [4] used a prediction 
method for the workpiece dynamics based on a structural 
modi¿cation technique, the FRF of the workpiece is obtained 
using FEA only once, and it is continuously modi¿ed by 
considering the removed volume during the cycle. However, 
these methods are relatively universal and are mainly based 
on FEM software, which reduces its computational efficiency 
and application. 
Meshreki et al. [5] developed an analytical model to 
capture the dynamic response of thin-walled pockets while 
considering the continuous change of thickness during milling 
operations. It could accurately capture the dynamic effect of 
the thickness change with prediction errors of less than 6%. 
However, it doesn't apply to shell structures to some extent. 
Since unlike plate, there are both the membrane stress and the 
bending stress, even though the shell is under small deflection, 
which make the analysis more complicated. 
Among all categories of thin-walled structures, shallow 
shells are a special but an important kind, which can be 
defined as a three-dimensional object with a relatively small 
thickness compared to the other sizes of the mean surface. For 
flat plate, cylindrical shell (e.g. engine casing), spherical shell, 
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and some twisted shells (e.g. turbomachinery blades), they 
can all be described or approximated by a unified 
representation as a doubly curved shell. To avoid vibration in 
the milling process of shallow shell structures, determination 
of natural frequencies and modal shapes is an essential step. 
Many methods and theories have been developed previously 
to predict the free vibrational characteristics of doubly curved 
shallow shells with arbitrary boundary conditions. Leissa et al. 
[6] used shell theories to analyze the vibration of the rotating 
blade. Qatu[7-9], Qatu and Asadi [10] presented massive 
comprehensive study of shallow shell vibrations of different 
kinds of boundary conditions. However, little analytical work 
has been done to take into account the dynamic changes due 
to the material removal process during milling of such kind of 
shells. This paper aims to utilize the doubly curved shallow 
shell theories into a wider practical use in the flank milling 
process. An analytical model to predict the frequencies and 
modal shapes of cantilevered shallow shell considering the 
continuous change of thickness during milling is presented.  
Moreover, to avoid vibration in the machining process of 
thin-walled shallow shell, a tool path optimization method 
based on trial cuts is proposed in this paper. It is more reliable 
than the methods totally based on simulations or offline 
stability analysis. The implementation of this method could 
improve the machining efficiency and ensure the part quality 
in practical engineering use. 
2. Theoretical model development  
To develop a relatively unified and computationally 
efficient model for predicting the dynamic changes in the 
milling process of thin-walled shell structures, it is essential to 
take as many as possible typical shell structural components 
and milling strategies into consideration. 
2.1. Mathematical model for common shell structures 
Shell structures are often witnessed in the aerospace 
industry, the geometrical features of common aerospace 
structural components could be characterized into some 
simple shells such as spherical shell, hyperbolic paraboloidal 
shell, circular cylinder shell and other complex shells, such as 
blades and engine casing, as shown in Fig. 1.  
As we can see, shell structures mentioned in Fig. 1 have 
radii in one or two directions, and some have a twist in a 
certain direction. To well represent the shell geometries in Fig. 
1, the doubly curve shallow shell was introduced, which could 
preserve the correct geometry of the shell structures better 
than the plate and decrease the complexity required to model 
many kinds of common shell structures.  
Considering a doubly curved shallow (small rise 
compared to the smallest radius of curvature) shell, the 
fundamental equation of the middle surface of the shell in an 
orthogonal absolute coordinate system (ACS) can be 
expressed as  
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where Rx and Ry are curvature radii in their corresponding 
directions, and Rxy represents the twist of the surface. To 
simplify the analysis, they are taken to be constant. When 
projected along the z-axis, the projection of the origin point of 
the ACS is in the middle of the projection of the shell. 
 
 
Fig. 1. Common shell structures in industry. 
2.2. Modeling the varying thickness of different cut patterns 
Various forms of cutting patterns could be evolved in the 
milling process of shell structures, which result in different 
variation patterns of thickness. In general, cut patterns could 
be classified into three main strategies, namely offset 
strategies, single direction raster strategies and raster 
strategies, which are described and illustrated in Ref. [11]. 
Besides, in the milling process of the shell structure, there 
exist possibilities that the cut layers are multiple, which 
makes the representation of thickness more complicated.  
When projected upon the xy-plane, the target shallow shell 
forms a closed region, and the x-axis and y-axis are re-defined 
in a different orthogonal world coordinate system (WCS) as 
shown in Fig. 2. To make the analysis simple, in this paper, 
the proposed model is limited to the cantilever shallow shell 
and the projected cantilever boundary curve is approximated 
to a linear boundary when projected on the xy-plane (it is not 
always an ideal line in practice). Next, the projected region is 
divided into nine subregions by four piecewise smooth curves. 
From left to right, boundary curves and divide curves are 
represented by u1(x), u2(x), u3(x), u4(x) in turn. From bottom to 
top, divide curves and boundary curves are represented by 
v1(x), v2(x), v3(x) in turn. The nine subregions are marked with 
S1, S2…S9, and the thickness of each sub-region is h1, h2... h9. 
The boundary curves are determined by the boundaries of the 
workpiece and the divide curve are determined by the 
intermediate shapes of the workpiece during machining. 
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Fig. 2. A typical shell structure and its projection on the xy-plane. 
 
 
Fig. 3. Possible cases in the flank milling process. 
By utilizing the above parameterized model, the milling 
process could be simulated by adjusting the corresponding 
piecewise smooth curves and the thickness in each subregion. 
Some possible cases in the milling process are illustrated in 
Fig. 3. The grey areas represent the machined surfaces. 
2.3. Determination of natural frequencies and modal shapes 
In this paper, the Rayleigh-Ritz method is used to 
determine the natural frequencies and modal shapes of shell 
structures in each stage of the milling process. The 
displacements are assumed to be sinusoidal in time, and the 
clamped boundary conditions at y=0 are satisfied, which may 
be expressed as 
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where İ and Ș are the no dimensional coordinates 
corresponding to x and y, and Ic, Jc, Kc, Lc, Mc and Nc are 
integers. a and b are the width and the height of the minimum 
bounding rectangle of the shallow shell correspondingly. And 
the planform of the shallow shells could be triangular, 
trapezoidal or more complex shapes [8,9]. 
In a deforming shell, the total potential energy could be 
represented by PE = PEs + PEb, where PEs and PEb represent 
the mid-surface stretching energy and the bending energy 
correspondingly. The kinetic energy KE of the vibrating shell 
and the total potential energy PE is given as 
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where D=Eh3/[12(1-Ȟ2)] is the Àexural rigidity of the shell. E 
is the Young’s modulus, hi is the thickness of the region Si, ȡ is 
the material density and Ȟ is the Poisson’s ratio. ǻi represents 
the area of the subregion Si. To solve the free vibration 
problem, displacements equations are substituted into the 
energy equation and the total potential energy of the shell with 
respect to the coefficients Įij, ȕkl, and Ȗmn are minimized. 
Therefore, the following partial derivatives are equal to 0. 
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By solving the above equations, a set of eigenvalues will 
be obtained. The approximation accuracy could be improved 
by appropriately increasing the upper limits of the 
summations (Ic, Jc, Kc, Lc, Mc and Nc). Then the corresponding 
eigenvector could be computed by substituting each 
eigenvalue back into Eq. (8). Finally, substituting the 
eigenvector back into the displacement functions, then the 
modal shape corresponding to each frequency can be obtained. 
The numerical error of the analytical model could be 
controlled within 6%, which is OK for later analysis in 
Section 3. 
3. Tool path optimazation based on experiments 
In Section 2, an analytical model for the simulation of 
material removal of thin-walled shallow shells was proposed, 
which could be used for analysing stability charts together 
with other machining parameters. However, compared with 
the simulation, experiments are much more reliable and 
essential. And for mass production of very important 
workpiece under complex machining conditions, experiments 
must be carried out before manufacturing.  
Therefore, in this paper, the simulation is considered to be 
inaccurate and used merely to divide the workpiece into 
several subregions. And then sets of corresponding trial cut 
experiments are performed in each subregion to accurately 
determine the relative best cutting parameters to guarantee a 
stable milling process and gain high machining efficiency. 
After all the experiments have been carried out, then the 
best cutting parameters could be chosen in each subregion 
respectively. And finally, the entire tool paths could be 
generated corresponding to the cutting parameters. Compared 
with the tool path generated totally based on part geometries, 
the optimized tool path is more efficient and reliable.  
3.1. Divide the subregions by simulation 
In different cutting position, the dynamic parameters (the 
natural frequency and the apparent stiffness) may be quite 
different, which means that a constant spindle speed and axial 
depth will not be suitable to ensure a stable machining 
operation during all the material removal process according to 
the stability lobes theory [3].  
On account of the complexity of the material removal 
process, it is not necessary and computationally economical to 
track every small step of the material removal process. 
Therefore, we divide the workpiece into several big 
subregions, and in each subregion, we consider the dynamic 
characteristics to be the same to simplify the analysis. 
In most cases, as the material removal is actually not so 
much in the machining process of the thin-walled workpiece, 
and the natural frequency of the part plays a less important 
role in determining the stable axial cutting depth than the 
apparent stiffness, thus, for the division of subregion, only the 
apparent stiffness are considered. It should be noted that, 
since in each subregion, trial cut experiments corresponding 
to different spindle speeds are performed to find the best 
cutting parameters (as shown in Table 1), which means that 
the tooth passing frequency and changes of natural 
frequencies are also directly or indirectly considered instead 
of ignored in this method. 
Firstly, for the uncut workpiece, its first four modes are 
calculated by the analytical model in Section 2, and their 
modal shapes are shown in Fig. 4. According to Ref. [3], 
stiffness is larger when the tool is at a vibration node than 
when it is at an antinode. Also, the critical axial depth of cut is 
higher at a node than at an antinode. Thus, we divide the 
whole shell into several subregions and the vibration anti-
nodes are included in separated subregions, in which the axial 
cutting depth is approximately considered to be the same in 
order to generate the cutting path. The division of subregion is 
shown in Fig. 5. The regions which contain the antinodes 
means that it is more easily to be suffered with chatter. 
 
 
Fig. 4. Modal shapes and anti-nodes (1-10) of the cantilevered shallow shell 
(first four modes). 
 
 
Fig. 5. Division of the shallow shell workpiece into subregions according to 
the modal shapes in Fig. 4. 
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Since the material removal process could change the 
modal shape more or less, a simulation of the material 
removal process could be performed according to the actual 
cut pattern as shown in Fig. 3. After each subregion is 
machined, the modal shapes and the natural frequencies may 
be calculated again if necessary. If the vibration anti-nodes of 
the first four modes are not rightly inside corresponding 
subregions, then we can adjust the subregion correspondingly 
until the anti-nodes are rightly inside the nearest subregion.  
3.2. Trial cut experiment setup scheme 
Due to a variety of parameters are involved, there are 
endless possibilities to do the machining, such as the axial and 
radial depth of cut, spindle speed, down or up milling, 
strategy, initial and final thickness of the shell structure, etc. 
However, it is not the purpose of this paper to propose a best 
machining strategy, instead, the objective of this paper is to 
find a relative good way to improve the machining efficiency 
as well as to avoid chatter. Therefore, only several spindle 
speeds and cutting depth are selected, they satisfy the 
following constraints: 
z Constraints:  
1. The forces due to the cutting depth and width do not exceed 
the predefined limits of deformation and distortion. 
2. The spindle speeds and feed rates are allowed by the 
machine tool system and the material. 
In each subregion, we perform several individual trial cut 
experiments to find the appropriate cutting parameters, and 
the trial cut experiment schemes are shown in Table 1. In the 
experiments, we use flank milling strategies, and only the 
axial cutting depth and spindle speed are changed while other 
parameters keep unchanged. Therefore, in the actual 
machining process, the above cutting parameters and 
machining condition should be totally the same as in the 
experiments. 
Table 1. Trial cut experiment corresponding to different spindle speed and 
axial cutting depth. 
Tests ap1 ap2 … apn 
St1 Ex1,1: (St1, ap1) Ex1,2: (St1, ap2) … Ex1,n: (St1, apn) 
St2 Ex2,1: (St2, ap1) Ex2,2: (St2, ap2) … Ex2,n: (St2, apn) 
… … … … … 
Stm Exm,1: (Stm, ap1) Exm,2: (Stm, ap2) … Exm,n:( Stm, apn) 
 
In Table 1, ap1, 2, …, n represent the axial cutting depth, St1, 
2, …, m represent the spindle speed, and Exm,n represent 
experiments corresponding to the combination of axial cutting 
depth ap1, 2,…, n and spindle speeds St1, 2, …, m. Generally 
speaking, the alternative axial cutting depths and spindle 
speed in Table 1 are estimated by actual manufacturing 
experience, stability charts, cutting database and the 
experiments results in other subregions. 
z Experiment facilities: 
1. Multi-axis-milling machine with fixtures. 
2. Vibration measurement system with sensors. 
3. Impact hammer modal testing system. 
After trial cut experiments in Table 1 are performed, we 
then compare the surface quality and analyse the data 
collected by accelerometer/force sensors during the 
experiments. Finally, the best one which satisfies the 
following objectives is chosen. 
z Objectives: 
1. Relative maximum axial cutting depth. 
2. Good surface quality. 
3. Good stability: the signals of vibration and force sensors 
shows no signs of abnormity. 
Similarly, following the same procedure, the best cutting 
parameters could be chosen in other subregions. 
3.3. Experimental validation 
Experiments were performed on a CNC milling machine 
to verify the proposed method. A simplified thin-walled 
turbine blade (titanium alloy) was used as the workpiece. The 
radii in the x and y axies are approximated to be ∞ , thus it 
becomes a plate, as shown in Fig. 6a. The maximum width 
and height of the workpiece were 101.5mm and 84.3mm. The 
workpiece was clamped at the bottom (height≤  40mm). The 
original workpiece thickness was 10mm, and the final 
thickness was 9mm. The diameter of the four-flute end mill 
was 10mm. The milling tool paths are streamlines, which are 
often used in the milling process of the turbomachinery blade. 
Impact hammer modal testing was performed before 
machining, and then the obtained modal parameters were used 
to obtain stability charts, which were used for the rough 
selection of spindle speeds and axial cutting depth together 
with the machining experience, cutting database and the 
experiments results in other subregions. Moreover, to monitor 
the vibration in the trial cut experiments in each sub-region, 
the cutting force and torque are collected by Kistler 9123C.  
Firstly, the workpiece was machined according to the tool 
path in Fig. 6d, and the spindle speed was 2000 RPM. The 
cutting depth increased from about 0.6mm to 3.2mm 
gradually. Severe chatter occurred at places where the 
apparent stiffness was low instead of places where the cutting 
depth was big. Severe chatter marks could be observed in Fig. 
6a (around Marker 1 and 2). The cutting torque also indicated 
the chatter occurred at the middle and the end of the cutting 
process, as shown in Fig. 6b (the cutting torque is abnormal 
around Marker 1 and 2).  
To implement the proposed method mentioned in Section 
2 and 3, the subregions were firstly divided and several trial 
cut experiments were performed in each subregion. After 
experiments, some chatter marks and the surface quality could 
be seen in Fig. 6a (around Marker 3, 4 and 5). Due to the limit 
of pages, only the final selected cutting parameters which 
would not lead to chatter and gains relative good surface 
quality in each subregion are listed here. In Fig. 6f, the 
optimized cutting paths in different subregions are shown 
with different colors and their corresponding cutting speeds 
(revolutions per minute) are 4000, 5000, 4000, 3500, 4000, 
5000, 4000, 5000 from left to right and from up to down. 
Experiments showed that, by using the optimized cutting 
path in Fig. 6f, there was no vibration during the whole 
machining process after optimization. As shown in Fig. 6c, 
the machined surface quality was good, except that there were 
some marks due to changes of the spindle speed and the 
discontinuity of the tool path (around Marker 6 and 7). The 
machining time was 550s. By performing a finish cut in the 
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subsequent process with very dense cutting paths, marks 
could be completely eliminated and the surface quality looks 
good, as shown in Fig. 6e. The proposed method could 
improve the cutting efficiency and saves time by more than 
30% compared with the unoptimized cutting paths with small 
and uniform axial cutting depth (1.5mm), if the feed rates and 
other cutting parameters keep the same. 
 
 
 
Fig. 6. Experiment validation. 
4. Conclution  
Studying the variation of dynamic characteristics during 
the material removal process is one of the primary purposes of 
the present work. For thin-walled shallow shells having 
cantilevered boundary conditions, the presence of the material 
removal process would vary the frequencies and considerably 
affect the apparent stiffness, which could not be ignored. The 
proposed analytical model in Section 2 is useful for 
parametric studies of the material removal process and could 
be prerequisites for further analysis or be combined with other 
methods. Compared with the Finite-Element Method, the 
analytical model is easier to be updated considering material 
removal process, and it could agree well with the experiments. 
Moreover, in many published research papers, chatters are 
avoided by changing the spindle speed and sometimes 
decreasing the cutting depth according to the stability charts 
and offline calculation. However, if their models are not 
precise enough, then their analysis will be not totally reliable. 
Therefore, in this paper, a relatively comprehensive method is 
proposed to solve this problem. Subregions are divided 
according to the workpiece’s dynamic characteristics, then 
trial cut experiments are performed to test the best cutting 
parameters before they are used.  
Experimental works were done, which proved that the 
proposed method could improve the cutting efficiency and 
save time by more than 30% compared with the unoptimized 
cutting path with small and uniform cutting depth, and at the 
same time, the quality of the machined surface is ensured. 
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